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Combinatorial flats and Schubert varieties
of subspace arrangements

Colin Crowley, Connor Simpson & Botong Wang

Abstract The lattice of flats LM of a matroid M is combinatorially well-behaved and, when M

is realizable, admits a geometric model in the form of a “Schubert variety of hyperplane arrange-
ment”. In contrast, the lattice of flats of a polymatroid exhibits many combinatorial pathologies
and admits no similar geometric model.

We address this situation by defining the lattice LP of “combinatorial flats” of a polyma-
troid P . Combinatorially, LP exhibits good behavior analogous to that of LM : it is graded,
determines P when P is simple, and is top-heavy. When P is realizable over a field of charac-
teristic 0, we show that LP is modeled by “the Schubert variety of a subspace arrangement”.

Our work generalizes a number of results of Ardila–Boocher and Huh–Wang on Schubert
varieties of hyperplane arrangements; however, the geometry of Schubert varieties of subspace
arrangements is noticeably more complicated than that of Schubert varieties of hyperplane
arrangements. Many natural questions remain open.

1. Introduction
1.1. Let M be a matroid of rank d on an N -element set E, and let LM be its poset of
flats. Write Lk

M for the set of flats of rank k. Beloved combinatorial properties of LM

include:
• LM is a semimodular lattice (in particular, it is graded), and
• there is a unique simple matroid M sim with LMsim ∼= LM .
• |Lk

M | ⩽ |Lk+1
M | when k ⩽ d/2n.

• LM is top-heavy: |Lk
M | ⩽ |Ld−k

M | when k ⩽ d/2.
Top-heaviness was long conjectured [10, 11], but proved only recently in [5]. The
approach of [5] is inspired by [19], who proved top-heaviness when M is the matroid
associated to a linear subspace V ⊂ KN , with K a field. Central to [19] is the Schubert
variety of hyperplane arrangement YV , defined in [2] as the closure of V ⊂ KN

in (P1)N = (K ∪ ∞)N .
The Schubert variety of hyperplane arrangement YV may be thought of as an

algebro-geometric counterpart of LM , fully capturing the combinatorics of M . To see
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why, first observe that the additive action of K on itself extends to an action on P1,
fixing ∞. Hence, KN acts on (P1)N . The orbits of this action are of the form

OS =
∏

i∈S K ×
∏

j∈E∖S ∞,

for each S ⊂ {1, . . . , N}. From [2, 19], we learn that YV ∩OS is nonempty if and only
if S is a flat. In particular, YV is a union of finitely many V -orbits. Moreover, if S
and S′ are flats, then

• YV ∩OS is a single V -orbit, isomorphic to rkM (S)-dimensional affine space,
• YV ∩OS ⊃ YV ∩OS′ if and only if S ⊃ S′, and
• the class of YV ∩OS in the Chow ring of (P1)n is

[YV ∩OS ] =
∑

B basis of S

[(P1)B ],

where (P1)B =
∏

i∈B P1 ×
∏

j∈E∖B ∞.

1.2. Polymatroids are to subspace arrangements as matroids are to hyperplane ar-
rangements. If M is replaced by a rank-d polymatroid P on E, then all expected
combinatorial properties fail. The poset of flats of a polymatroid is always a lattice,
but may not be graded. When P is simple, the poset fails to determine P , and there
is no sense in which it is top-heavy.

To remedy these pathologies, we introduce the lattice of combinatorial flats LP

of a polymatroid. When P is a matroid, LP is the usual lattice of flats. When P is
realized by a subspace arrangement V1, . . . , VN , the lattice LP is the poset of flats of
a collection of general flags with minimal elements V1, . . . , VN (see Example 1.2).

For arbitrary polymatroids, LP may be constructed as follows(1). Let rkP be the
rank function of P , and let e1, . . . , eN be the standard basis of ZN . Choose n =
(n1, . . . , nN ) ∈ ZN

⩾0, such that ni ⩾ rkP (i). Recall that an independent multiset
of P is b = (b1, . . . , bN ) ∈ ZN

⩾0 such that
∑

i∈A bi ⩽ rkP (A) for all A ⊂ E. A basis
for a multiset s = (s1, . . . , sN ) ∈ ZN

⩾0 is an independent multiset b = (b1, . . . , bN ),
maximal among those contained in s. Define the rank of s by rkP (s) :=

∑
i∈E bi for

any basis b(2), and call s a combinatorial flat(3) if rkP (s + ei) > rkP (s) for all i
such that si < ni.

We define LP to be the set of combinatorial flats, ordered by inclusion. We will
see in Section 3.4 that LP does not depend on n (although the underlying set of
combinatorial flats does; we write LP,n when we wish to emphasize this).

Theorem 1.1. Let P be a polymatroid. The poset of combinatorial flats satisfies:
(1) LP is a graded semimodular lattice,
(2) there is a unique simple polymatroid P sim such that LP

∼= LP sim ,
(3) |Lk

P | ⩽ |Lk+1
P | when k ⩽ d/2, and

(4) LP is top-heavy: |Lk
P | ⩽ |Ld−k

P | when k ⩽ d/2.

Example 1.2. Suppose that V1, V2, V3, V4 ⊆ V = C3 is a linear subspace arrangement,
where V1, V2, and V3 are two dimensional, V1 ∩ V2 ∩ V3 is one dimensional, and V4
is one dimensional and not contained in Vi for i = 1, 2, 3. This arrangement defines
the polymatroid P on E = {1, 2, 3, 4} with rkP (S) = 3 − dim ∩i∈SVi. Flats of P

(1)The definitions of “rank” and “combinatorial flat” given here are different from, but equivalent
to, the definitions given in Section 3.1. The equivalence is explained in Remark 3.6.

(2)Remark 3.5 explains well-definedness of rank. We write rkP (·) for ranks of both sets and
multisets; this will never cause confusion.

(3)This definition resembles the related notion of “flats for matricubes” [1]. See Remark 3.8 for
comparison of these notions.
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correspond to intersections of Vi’s. The lattice of flats is neither graded nor top-heavy
(Fig. 1).

V2

V1

V3

V4

V4,1 1234

123

1 2 3 4

∅

Figure 1. Left: the projectivization of the subspaces arrangement
V1, . . . , V4 from Example 1.2 (solid), along with the projectivization
of a general plane V4,1 containing V4 (dashed). Right: the lattice of
flats of the polymatroid P realized by {V1, V2, V3, V4}.

On the other hand, LP
∼= LP,n (with n = (1, 1, 1, 2)) is both graded and top-heavy

(Fig. 2). Elements of LP correspond to flats of the arrangement {V1, V2, V3, V4, V4,1},
where V4,1 is a general plane containing V4. There is a lattice homomorphism embed-
ding the lattice of flats of P into LP . This construction is explained in full generality
in Remark 3.7.

e1 + e2 + e3 + 2e4

e1 + e2 + e3 e1 + e4 e2 + e4 e3 + e4 2e4

e1 e2 e3 e4

0

Figure 2. The lattice of combinatorial flats of P from Example 1.2.
Join-irreducibles are underlined. Blue elements are in the image of
the embedding of P ’s lattice of flats into LP .

Lattices of combinatorial flats can be axiomatized in a manner that closely resem-
bles the well-known definition of geometric lattices (Theorem 3.20). Consequently,
they constitute a new cryptomorphic definition of simple polymatroids.

1.3. Unlike the usual poset of flats of P , LP can be realized as the poset of affine
cells of a projective variety whenever P is realizable over a field of characteristic zero.

Work of Hassett-Tschinkel [17] (reviewed in Section 4.1) shows that there exists
action of the additive group Kn := Kn1 × · · · × KnN on Pn := Pn1 × · · · × PnN , such
that Pn is partitioned into finitely many orbits Os, corresponding to multisets s ⩽ n.
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Under the assumption that V is “polymatroid general”, a mild genericity condition
described in Section 4.6 that constrains the intersection of V with certain coordinate
subspaces, we define YV to be the V -orbit closure of the origin in Pn under the
Hasset-Tschinkel action of Kn on Pn.

Theorem 1.3. If V ⊂ Kn is a polymatroid general subspace realizing P , then YV ∩Os
is nonempty if and only if s is a combinatorial flat. Moreover, if s, s′ ∈ LP

∼= LP,n,
then

(1) YV ∩Os is a single V -orbit, isomorphic to affine space of dimension rkP (s),
(2) YV ∩Os ⊃ YV ∩Os′ if and only if s ⩾ s′, and
(3) the class of YV ∩Os in the Chow ring of Pn has the form

[YV ∩Os] =
∑

b basis of s

cb[Pb],

with all coefficients positive.
If K = C, we also give a presentation for the singular cohomology ring of YV ,

generalizing a result of [19].
Definition 1.4. Let P be a polymatroid with ground set E = {1, . . . , N}. Given two
combinatorial flats s and s′ spanned by independent multisets b and b′ respectively,
we define their cup product as

(s ⌣ s′) := (min{b(i) + b′(i), rkP (i)})N
i=1.

Remark 1.5. Equivalently, in terms of Definition 3.1, s ⌣ s′ is the combinatorial
flat represented by any maximal element of {F ∨ F ′} where F and F ′ range over
flats of the multisymmetric lift P̃ which represent s and s′ respectively. Notice that
the product of symmetric groups S :=

∏N
i=1 SEi

acts transitively on the maximal
elements of {F ∨F ′}. Therefore s ⌣ s′ is well defined, independent of the choices of b
and b′.
Example 1.6. Suppose that N = 1, and rkP ({1}) = n. Then the lattice LP of
combinatorial flats is isomorphic to the chain of length n. Any combinatorial flat
i ∈ [n] is also independent in P , so the cup product of combinatorial flats is given as

i ⌣ j := min(i+ j, n) = min(i+ j, n).
Theorem 1.7. If V ⊂ Cn is a polymatroid general subspace, then the singular coho-
mology ring of YV is the graded vector space

H∗(YV ;Q) ∼=
⊕

s∈LP

Q · ys,

where deg ys = rkP (s). There are positive constants cb associated to bases b of com-
binatorial flats such that multiplication is given by the formula

cbcb′ysys′ =
{
cb+b′ys⌣s′ , if rkP (s ⌣ s′) = rkP (s) + rkP (s′)
0, otherwise,

where b and b′ are bases for s and s′, respectively, such that b+b′ is a basis for s ⌣ s′.
1.4. Organization. We review polymatroids, multisymmetric matroids, and oper-
ations on them in Section 2, before commencing study of combinatorial flats in Sec-
tion 3.

We construct combinatorial flats in Section 3.1, then consider the effects of dele-
tion and truncation in Section 3.2. These sections are the only portions of Section 3
required for Section 4. In the remainder of Section 3, we work up to a proof of Theo-
rem 1.1 (Sections 3.3 and 3.4) and provide axioms for LP (Section 3.5)
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Section 4 concerns Schubert varieties of subspace arrangements. Foundational work
of Hassett and Tschinkel [17] is reviewed in Sections 4.1 and 4.2. We construct YV

in Section 4.4, then compute the support of its Chow class in Section 4.5. In Sec-
tion 4.6, we discuss “polymatroid generality”, a condition on V that guarantees YV

consists of finitely many V -orbits. Assuming this condition, we identify strata of YV

in Section 4.7, culminating with a proof of Theorem 1.3. In Section 4.8, we prove
Theorem 1.7.

At the last, we pose a large number of questions about Schubert varieties of sub-
space arrangements in Section 5. Both algebraic and geometric aspects of Schubert
varieties of subspace arrangements seem markedly more complicated than those of
Schubert varieties of hyperplane arrangements, yet examples suggest a good theory
lies in wait. Interested parties are encouraged to seek their fortune.

1.5. Notation. Throughout this paper, E := {1, . . . , N}. A multiset on E is an
element of ZE

⩾0. The cardinality of a multiset s = (s1, . . . , sN ) is |s| := s1 + · · · + sN .
If Ẽ = E1 ⊔ · · · ⊔EN is a finite set, then S ⊂ Ẽ represents s if si = |S ∩Ei| for each
1 ⩽ i ⩽ N . Multisets are ordered: (s1, . . . , sN ) ⩽ (s′

1, . . . , s
′
N ) if and only if si ⩽ s′

i

for every 1 ⩽ i ⩽ N . Multisets will always be written in boldface.
Let K be a field. Products of K-vector spaces and projective spaces will be written

Ks := Ks1 ×· · ·×KsN and Ps := Ps1 ×· · ·×PsN , respectively. Like multisets, elements
of Ks will be written in boldface; we trust this will cause no confusion.

We write e1, . . . , eN for the standard basis of ZE , and 0 for the zero vector. We
will regard these as multisets or vectors as needed.

Braces for operations involving one-element sets are often omitted, e.g. we write
S ∖ j for S ∖ {j} and πj for π{j}. The symmetric group on a set S is denoted SS .

If (Ai)i∈S is a family of sets indexed by a set S, and T ⊂ S, then πT :
∏

i∈S Ai →∏
i∈T Ai is the projection. We will use the same symbol πT for the projection out of

any product indexed by a set containing T . For example, we will write πE∖N both
for the projection ZN

⩾0 → ZN−1
⩾0 that forgets the last coordinate of a multiset, and for

the projection Ks → KπE∖N (s) that forgets the last coordinate of a vector in Ks. Once
more, we expect this conventions will cause no confusion.

2. Polymatroids
We review polymatroids, the nearly-equivalent notion of multisymmetric matroids,
and some operations on them.

2.1. A polymatroid P on a finite set E = {1, . . . , N} is the data of a rank function
rk : 2E → Z⩾0 that is
normalized: rk(∅) = 0,
increasing: if A ⊂ B, then rk(A) ⩽ rk(B), and
submodular: if A,B ⊂ E, then rk(A ∪B) + rk(A ∩B) ⩽ rk(A) + rk(B).
The rank of P is rk(P ) := rk(E), and the corank of a set is crk(A) := rk(P )−rk(A).
If rk(A) ⩽ |A| for every A ⊂ E, then P is a matroid. A flat is a subset F ⊂ E such
that rk(F ∪ i) > rk(F ) for all i ∈ E ∖ F . The intersection of two flats is a flat.

The closure of A ⊂ E is A := ∩F ⊃AF , where F runs over all flats of P contain-
ing A. The closure of A is the smallest flat that contains A, so rk(A) = rk(A). Call P
loopless if each element of E has positive rank, and simple if each one-element
subset of E is a flat of positive rank.

A basis of P is a multiset b ∈ ZE
⩾0 satisfying |b| = rk(P ) and |πA(b)| ⩽ rk(A) for

all A ⊊ E. A polymatroid is determined by its bases because
rk(A) = max{|πA(b)| : b is a basis of P}.

Algebraic Combinatorics, Vol. 8 #5 (2025) 1289
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A multiset s is independent if there is a basis b such that s ⩽ b, equivalently, if
|πA(s)| ⩽ rk(A) for all A ⊂ E.

When necessary, we will use subscripts to distinguish the rank functions of different
polymatroids, e.g. rkP is the rank function of P .

Example 2.1 (Free polymatroids). Let E = {1, . . . , N} and let s ∈ ZE
⩾0 be a multiset.

The free polymatroid Bs has rank function rkBs(A) =
∑

i∈A si.

Example 2.2 (Realizable polymatroids). Let W1, . . . ,WN be vector spaces. A linear
subspace V ⊂

∏N
i=1 Wi defines a polymatroid P on E = {1, . . . , N} with rank function

rk(A) := dim πA(V ) = codimV V ∩ ker(πA).
In this case, we say V realizes P . The flats F of P are in inclusion-reversing bijection
with subspaces V ∩ ker(πF ). The closure of A ⊂ E is the largest A′ ⊂ E such that
V ∩ ker(πA) = V ∩ ker(πA′).

Likewise, a subspace arrangement V1, . . . , VN in a vector space V realizes P if
rk(A) = codimV ∩i∈AVi. These two notions of realizability are equivalent. Given a
subspace V ⊂

∏
i Wi, take Vi = kerπi. Given a subspace arrangement, choose vector

spaces W1, . . . ,WN and a map f : V →
∏

i Wi with ker(πi ◦ f) = Vi. The image of f
is a subspace realizing P .

Example 2.3 (Lifts). If M is a matroid on a finite set Ẽ = E1 ⊔ · · · ⊔ EN , then we
may define a polymatroid P on E by rkP (S) := rkM (∪i∈SEi). In this case, we say
that M lifts P .

2.2. Let Ẽ = E1 ⊔· · ·⊔EN be a finite set. A multisymmetric matroid is a matroid
M on Ẽ whose rank function is invariant under the natural action of S :=

∏N
i=1 SEi

.
If F is a flat of M and σ ∈ S, then σ · F is also a flat of M . The geometric part of
a subset A ⊂ Ẽ is Ageo := ∩σ∈Sσ(A), and A is geometric if A = Ageo. If F is a flat,
then F geo is also a flat. Two key properties of multisymmetric matroids follow.

Lemma 2.4 ([9, Lemma 2.8]). Let M be a multisymmetric matroid on Ẽ = E1 ⊔ · · · ⊔
EN . The following equivalent statements all hold:

• If F is a flat of M , then rk(F ) = rk(F geo) + |F ∖ F geo|.
• If A ⊂ Ẽ, then for each 1 ⩽ i ⩽ N , either A ∩ Ei = A ∩ Ei or A ⊃ Ei.
• If F is a flat of M , then F ∖e is a flat of rank rk(F )−1 for any e ∈ F ∖F geo.

Lemma 2.5 ([9, Lemma 2.9]). Two multisymmetric matroids on E1 ⊔ · · · ⊔ EN are
isomorphic if and only if their geometric sets have the same ranks.

2.3. Multisymmetric matroids and polymatroids are related by a much-rediscovered
[18, 23, 21, 22, 4, 9] recipe. A cage for a polymatroid P on E is n ∈ ZE

⩾0 such that
rk(i) ⩽ ni for all i ∈ E. The pair (P,n) is a caged polymatroid(4).

Theorem/Definition 2.1 ([9, Theorem 2.10(5)]). Fix a multiset n = (n1, . . . , nN ),
and let Ẽ = E1 ⊔ · · · ⊔ EN be a set with |Ei| = ni. There is a bijection

{caged polymatroids (P,n)} ∼−→ {multisymmetric matroids on Ẽ}

(P,n) 7−→ P̃ ,

where P̃ is the multisymmetric lift of P , defined by
rk

P̃
(A) := min{rkP (B) + |A∖ ∪i∈BEi| : B ⊂ E}, A ⊂ Ẽ.

(4)This terminology originates in [14].
(5)In [9], this is stated in the case when rkP (i) = |Ei|, but the proof goes through verbatim in

the present slightly more general setting.
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Remark 2.6. The matroid lift satisfies rkP (S) = rk
P̃

(∪i∈SEi). By applying this fact
and Lemma 2.4, we learn that the closure in P̃ of ∪i∈SEi is ∪i∈SEi, where S is the
closure of S in P .

Remark 2.7. By Lemma 2.5, P̃ is the unique multisymmetric matroid on Ẽ that
lifts P .

It is also helpful to understand P̃ in terms of bases.

Proposition 2.8. Let (P,n) be a caged polymatroid with multisymmetric lift P̃ . The
bases of P̃ are the multisets b ∈ {0, 1}Ẽ with |b| = rk(P ) such that for all A ⊂ E,

|π∪i∈AEi
(b)| ⩽ rkP (A).

Equivalently, B ⊂ Ẽ is a basis of P̃ if and only if (|B ∩ E1|, . . . , |B ∩ EN |) is a basis
of P .

Proof. The equivalence of the two characterizations is apparent from the definitions.
We prove the characterization by inequalities. Any basis must satisfy the proposed
inequalities because rkP (A) = rk

P̃
(∪i∈AEi). Conversely, suppose b ∈ {0, 1}Ẽ satisfies

the proposed inequalities. For any A ⊂ Ẽ,
rk

P̃
(A) = rk

P̃
(A) = |A∖A

geo| + rk
P̃

(Ageo) by Lemma 2.4

= |A∖A
geo| + rkP ({i : Ei ⊂ A})

⩾ |A∖A
geo| +

∑
j∈A

geo

bj by hypothesis

⩾ |πA(b)| ⩾ |πA(b)|, so b is a basis of P̃ . □

Remark 2.9 (Realizing lifts). Let K be a field and fix n ∈ ZN
⩾0. A linear subspace

V ⊂ Kn realizes both a polymatroid P on E = {1, . . . , N} and a matroid M on
Ẽ = {(i, j) : 1 ⩽ i ⩽ N, 1 ⩽ j ⩽ ni}. Different

∏N
i=1 GL(ni)-translates of V may

realize different matroids; however, the matroid of a general translate is P̃ , and the
polymatroid of any translate is P .

Example 2.10. Suppose that n = (3) and that P is the polymatroid of rank 2 on one
element, realized by a line V ⊂ Kn. Every line in Kn realizes P because every line is
codimension 2. However, different lines can have different matroids, e.g. a general line
realizes a uniform matroid of rank 1 on 3 elements, while each of the three coordinate
lines realizes a boolean matroid on 1 element with two loops adjoined.

In the remainder of this section, we describe how the matroid lift interacts with
three operations on polymatroids. Throughout, we take (P,n) to be a caged polyma-
troid on E = {1, . . . , N}, and P̃ to be the multisymmetric lift of (P,n), on ground
set Ẽ = E1 ⊔ · · · ⊔ EN .

2.4. The deletion of A ⊂ E is the polymatroid P ∖A obtained by restricting rkP to
subsets of E ∖A. The restriction of P to A is P |A := P ∖ (E ∖A). We were unable
to find a reference for the following well-known description of the flats of P ∖A.

Lemma 2.11. The flats of P ∖ A are all sets of the form F ∖ A such that F is a flat
of P .

Proof. A set G ⊂ E∖A is a flat of P ∖A if and only if for all i ∈ E∖A, rkP (G∪ i) >
rkP (G). The latter condition is equivalent to saying the closure F of G in P contains
no elements of E ∖A, which is equivalent to saying G = F ∖A. □
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Deletion commutes with lifts.

Lemma 2.12. [9, Lemma 2.14(5)] For any subset A ⊂ E,

P̃ ∖A = P̃ ∖ ∪i∈AEi,

where the left-hand lift is taken with respect to πE∖A(n).

Remark 2.13 (Realizing deletions). With notation as in Example 2.2, if P is realized
by V , then P ∖A is realized by πE∖A(V ).

2.5. The truncation of P at a set S ⊂ E is the polymatroid TSP on E, with rank
function

rkTSP (A) :=
{

rkP (A) − 1, if rkP (A) = rkP (A ∪ S)
rkP (A), otherwise.

Since rkP (A ∪ S) = rkP (A ∪ S) = rkP (A ∪ S), TSP = TSP .

Lemma 2.14. If S ⊂ E, then
T̃SP = T∪i∈SEi

P̃ .

Proof. Since ∪i∈SEi is a geometric set of P̃ , the truncation T∪i∈SEi
P̃ is also a multi-

symmetric matroid on Ẽ. For A ⊂ E,

rk
T∪i∈S Ei

P̃
(∪i∈AEi) =

{
rk

P̃
(∪i∈AEi) − 1, if rk

P̃
(∪i∈AEi) = rk

P̃
(∪i∈A∪SEi)

rk
P̃

(∪i∈AEi), otherwise

=
{

rkP (A) − 1, if rkP (A) = rkP (A ∪ S)
rkP (A), otherwise

= rkTSP (A).

Consequently, T̃SP = T∪i∈SEi
P̃ by Lemma 2.5. □

Remark 2.15 (Realizing truncations). With notation as in Example 2.2, if S ⊂ E,
then TSP is realized by V ∩ π−1

E∖S(H), with H a general hyperplane in
∏

i∈S Wi.

2.6. The reduction of P at an element i ∈ E of positive rank is the polymatroid RiP
defined by

rkRiP (A) :=
{

rkP (A) − 1, rkP (A) = rkP (A∖ i) + rkP (i)
rkP (A), otherwise.

The reduction of a caged polymatroid is defined by

Ri(P,n) :=
{

(P,n − ei), ni > rkP (i)
(RiP,n − ei), ni = rkP (i).

Lemma 2.16. The multisymmetric lift of Ri(P,n) is isomorphic to P̃ ∖ j, where j is
any element of Ei.

Proof. We may think of both matroids as being multisymmetric on Ẽ∖ j. Geometric
subsets of Ẽ ∖ j are of the form (∪k∈AEk) ∖ j, with A ⊂ E. By Lemma 2.5 and
Remark 2.6, it suffices to show that

rk
P̃∖j

((∪k∈AEk) ∖ j) = rkRiP (A)

for all A ⊂ E. If i ̸∈ A, then equality plainly holds, so we henceforth assume i ∈ A.
Suppose that rkP (A) = rkP (A∖ i) + rkP (i). In this case,

rk
P̃

(A)(∪k∈AEk) = rk
P̃

(∪k∈A∖iEk) + rk
P̃

(Ei),
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so every element of Ei is a coloop of P̃ |∪k∈AEk
. Hence,

rk
P̃∖j

((∪k∈AEk) ∖ j) = rk
P̃

(∪k∈AEk) − 1 = rkP (A) − 1 = rkRiP (A).

Otherwise, suppose that rkP (A) < rkP (A ∖ i) + rkP (i). In this case, Lemma 2.4
implies that (∪k∈AEk) ∖ j ⊃ ∪k∈AEk in P̃ . Hence,
rk

P̃∖j
((∪k∈AEk)∖ j) = rk

P̃
((∪k∈AEk)∖ j) = rk

P̃
((∪k∈AEk)) = rkP (A) = rkRiP (A).

□

We defer discussion of realizing reductions to Remark 3.17, where we will see it in
action en route to proving Theorem 1.1(ii).

3. Combinatorial flats
We introduce the poset of combinatorial flats of a polymatroid P . We construct the
poset using a chosen lift P̃ in Section 3.1, then record the effects of deletion and
truncation in Section 3.2. In Sections 3.3 and 3.4, we establish order-theoretic prop-
erties and consider the effects of reduction, culminating in a proof of Theorem 1.1.
Finally, in Section 3.5, we axiomatize posets of combinatorial flats. This provides a
cryptomorphic definition of simple polymatroids that generalizes the cryptomorphism
of simple matroids and geometric lattices.

Our results on Schubert varieties of subspace arrangements depend only on Sec-
tions 3.1 and 3.2, so geometrically-inclined readers may go directly to Section 4 after
reading these.

Throughout Section 3, we fix notations:
• (P,n) is a caged polymatroid on E = {1, . . . , N} with rank function rkP ,
• P̃ is the multisymmetric lift of (P,n), on ground set Ẽ = E1 ⊔ · · ·EN , and
• rkP (s) is the rank of a multiset s, in the sense of Section 1.2.

3.1. We construct the poset of combinatorial flats and note some properties of its
rank function.

Definition 3.1. A combinatorial flat of (P,n) is a multiset s ∈ ZE
⩾0 such that

there exists a flat F of P̃ satisfying s = (|F ∩ E1|, . . . , |F ∩ EN |). (Rephrased in the
language of Section 1.5, s is a combinatorial flat if it is represented by a flat of P̃ .)

Ordered by inclusion, the combinatorial flats of (P,n) form the poset of combi-
natorial flats, denoted LP,n. Observe that LP,n is isomorphic to the quotient poset
L

P̃
/S, in which S · F ⩾ S · F ′ if and only if there is σ ∈ S such that σ · F ⊃ F ′.

Since the action of S on L
P̃

is rank-preserving, LP,n is a graded poset, and the rank
of s ∈ LP,n is equal to rk

P̃
(S), for any S ∈ L

P̃
representing s.

More generally, if s ⩽ n is a multiset represented by S ⊂ Ẽ, then we may define its
rank by rkP,n(s) := rk

P̃
(S). The closure of s is the combinatorial flat s = (s1, . . . , sN )

represented by S, and satisfies rkP,n(s) = rkP,n(s). The geometric part of s is sgeo,
the multiset represented by Sgeo. Multisymmetry of P̃ guarantees these definitions do
not depend on choice of S.

Viewing LP,n as a quotient and applying Lemma 2.4, we learn that rank and closure
of multisets have the following properties:

Lemma 3.2.
• If s is a combinatorial flat of (P,n), then rkP,n(s) = rkn(sgeo) + |s − sgeo|.
• If a ⩽ n is a multiset, then for each 1 ⩽ i ⩽ N , either ai = ai or ai = ni.
• If s is a combinatorial flat of (P,n) and 0 < si < ni, then s − ei is also a

combinatorial flat.
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From submodularity of rk
P̃

, we also obtain:

Lemma 3.3. If s ⩽ n − ei is a multiset, then rkP,n(s + ei) ⩽ rkP,n(s) + 1.
A basis of a multiset s is an independent multiset of P maximal among those

contained in s.
Lemma 3.4. If b is a basis of a multiset s, then rkP,n(s) = |b|. If s is a combinatorial
flat, then the bases of s are precisely multisets of the form b′ + s − sgeo, where b′ is
a basis of sgeo.

Proof. Choose S ⊂ Ẽ representing s. If b is a basis of s, then b is represented by a
basis B of S in P̃ by Proposition 2.8. The first assertion holds because rkP,n(s) =
rk

P̃
(S) = |B| = |b|.

If s is a combinatorial flat, then S ∖ Sgeo consists of coloops of the flat S by
Lemma 2.4. Hence, bases of S are of the form B′ ∪ (S∖Sgeo) with B′ a basis for Sgeo.
The second assertion follows. □

Remark 3.5. Lemma 3.4 shows that all bases of a multiset s have the same cardinality,
so rkP (s), as defined in Section 1.2, is well-defined.
Remark 3.6 (Equivalence of definitions). Lemma 3.4 explains the equivalence of the
different definitions of “rank” and “combinatorial flat” given in Section 1.2 and Sec-
tion 3.1. The first statement of Lemma 3.4 says exactly that rkP,n(s) = rkP (s) for
any multiset s. When s ∈ LP,n, this means rkP (s) is also equal to the rank of s in the
graded poset LP,n. We will henceforth write only rkP (s).

For equivalence of the two definitions of “combinatorial flat”, choose S ⊂ Ẽ repre-
senting s. If si < ni, then s + ei is represented S ∪ e for any e ∈ Ei ∖ S. In the sense
of Section 1.2, s is a combinatorial flat if and only if

rk
P̃

(S ∪ e) = rkP,n(s + ei) = rkP (s + ei) > rkP (s) = rkP,n(s) = rk
P̃

(S)

for all e ∈ Ei with si < ni. This is precisely the statement that S is a flat of P̃ , which
is the notion of “combinatorial flat” defined in Section 3.1.
Remark 3.7 (Geometry of combinatorial flats). Suppose that the polymatroid P is
realized by a subspace arrangement V1, . . . , VN ⊂ V . Rephrasing Remark 2.9 in the
language of arrangements, if n is a cage for P , then P̃ is realized by any arrangement
{Hij : 1 ⩽ i ⩽ N, 1 ⩽ j ⩽ ni} in which Hi1, . . . ,Hini

are general hyperplanes con-
taining Vi. The lattice of flats L

P̃
has an action by a product of symmetric groups S,

and the quotient L
P̃
/S is isomorphic to LP (see also Section 3.1).

Alternatively, consider the subspace arrangement
{Vij : 1 ⩽ i ⩽ N, 1 ⩽ j ⩽ codimVi},

where Vi = Vi,codimV Vi
⊂ · · · ⊂ Vi,2 ⊂ Vi,1 ⊊ V is a general flag. The poset of flats (not

combinatorial flats) of the polymatroid associated to this arrangement is isomorphic
to LP . If P is simple and n = (rkP (1), . . . , rkP (N)), then the rank of s ∈ LP,n is
rkP (s) = codimV V1,s1 ∩ · · · ∩ VN,sN

.
Remark 3.8. Matricubes were recently introduced by [1] to model intersection pat-
terns of flags of linear subspaces. If (P,n) is a caged polymatroid, then the function
rkP on multisets contained in n defines a matricube. The flats [1, Definition 3.1] of
this matricube are the combinatorial flats of P , and the independents [1, Defini-
tion 5.1] of the matricube are the independent multisets of P .

From the flag perspective of Remark 3.7, the difference between matricubes and
combinatorial flats is that matricubes model all collections of flags, while combina-
torial flats model only collections of general flags. Combinatorially, this difference
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manifests in several ways: combinatorial flats obey Lemma 3.2, are top-heavy, and
admit a reasonable notion of basis, but none of these properties hold for matricubes
in general. (Failure of top-heaviness and Lemma 3.2 for matricubes can be seen in
the right-hand example of [1, Section 3.1]. The difficulties of bases for matricubes are
discussed in [1, Section 9.1].)

3.2. We record the effects deletion and truncation on LP,n.

Lemma 3.9. Let i ∈ E. If s ⩽ n is a multiset with si < ni, then πE∖i(s) is a
combinatorial flat of (P ∖ i, πE∖i(n)) if and only if s is a combinatorial flat of (P,n).

Proof. The if direction follows from Lemma 2.11 and Lemma 2.12. For the “only if”,
suppose that πE∖i(s) is a combinatorial flat of (P ∖ i, πE∖i(n)). We will show that s
must be a flat by proving s = s. By Lemma 3.2 and the hypothesis that si < ni, it is
always the case that si = si. Hence, it suffices to show that sj = sj for j ̸= i.

By Lemma 2.11 and Lemma 2.12, there is a combinatorial flat s′ of (P,n) with
πE∖i(s′) = πE∖i(s). If s′

i = ni, then s < s′, so s ⩽ s < s′. Entrywise, this implies
sj ⩽ sj ⩽ s′

j = sj , which gives the desired equality.
Otherwise, s′

i < ni. By Lemmas 3.2 and 3.3, s′′ := s′ − s′
iei = s − siei is a combi-

natorial flat of rank at least rk(s) − si. By Lemma 3.2, s − siei is also a combinatorial
flat, and has rank rk(s) − si. Since s′′ ⩽ s − siei, these two combinatorial flats must
be equal. In particular, for j ̸= i, s′′

j = sj . Since s′′
j = sj by construction, this means

sj = sj , as desired. □

Lemma 3.10. Let (P,n) be a caged polymatroid on E. Let F ⊂ E be a flat, and
f =

∑
i∈F niei. The combinatorial flats of (TFP,n) are the combinatorial flats s of P

that either contain f or satisfy s + ei ̸⩾ f for every i ∈ E such that si < ni. In the
former case, rkTF P (s) = rkP (s) − 1, and in the latter, rkTF P (s) = rkP (s).

Proof. For matroids and ordinary flats, this lemma is proved in [7, Proposition 7.4.9].
Explicitly, if P is a matroid, then the flats of TFP are the flats S of P that either
contain F or satisfy S ∪ i ̸⊃ F for every i ∈ E ∖ S.

By the matroid case and Lemma 2.14, a set S is a flat of T̃FP if and only if S is a
flat of P̃ that either contains ∪i∈FEi or satisfies S ∪ i ̸⊃ ∪i∈FEi for all i ∈ Ẽ ∖ S. In
the former case, rk

T̃F P
(S) = rk

P̃
(S) − 1; in the latter rk

T̃F P
(S) = rk

P̃
(S). Taking s

to be the multiset represented by S completes the proof. □

In the remainder of Section 3, we work up to proving Theorem 1.1, then provide
axioms for combinatorial flats. These results are not required to understand Schubert
varieties of subspace arrangements; readers interested solely in geometry may proceed
to Section 4 forthwith.

3.3. We prove that LP,n is a top-heavy semimodular lattice, and identify its join-
irreducibles in a special case. For multisets s, s′ ⩽ n, let s ∨ s′ := (max(si, s′

i))i and
s ∧ s′ := (min(si, s

′
i))i.

Lemma 3.11. If s and s′ are multisets contained in n, then

rkP (s ∧ s′) + rkP (s ∨ s′) ⩽ rkP (s) + rkP (s′).

Proof. Pick sets S, S′ ⊂ Ẽ representing s and s′, respectively, such that S ∩ S′ repre-
sents s ∧ s′ and S ∪ S′ represents (max(si, s

′
i))i. By submodularity of rk

P̃
,

rkP (s ∧ s′) + rkP (s ∨ s′) = rk
P̃

(S ∩ S′) + rk
P̃

(S ∪ S′) = rk
P̃

(S ∩ S′) + rk
P̃

(S ∪ S′)
⩽ rk

P̃
(S) + rk

P̃
(S′) = rkP (s) + rkP (s′). □
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Lemma 3.12. LP,n is a semimodular lattice, with join and meet given by ∨ and ∧,
respectively. Moreover, LP,n is top heavy and |Lk

P,n| ⩽ |Lk+1
P,n | when k ⩽ d/2.

Proof. Let s, s′ ∈ LP,n. The join of s and s′ is equal to s∨s′ because any combinatorial
flat containing s and s′ must contain (max(si, s

′
i))i, hence must also contain s ∨ s′.

For meets: any combinatorial flat contained in both s and s′ is contained in s∧s′, so
we need only show that s ∧ s′ is a combinatorial flat. To see this, pick sets S, S′ ⊂ Ẽ
representing s and s′, and such that S ∩ S′ represents s ∧ s′. Since s and s′ are
combinatorial flats, S and S′ are flats of P̃ . Since flats are closed under intersection,
s ∧ s′ is also a combinatorial flat. Hence, s ∧ s′ is the meet of s and s′ in LP,n.

Semimodularity is Lemma 3.11.
For top-heaviness: let Hk(P̃ ) be the Q-vector space basis {vF : F ∈ Lk

P̃
}, and

let Hk(P,n) be the Q-vector space with basis {vs : s ∈ Lk
P,n}. From the quotient

construction of LP,n, there are isomorphisms

Hk(P,n)
∼=→ Hk(P̃ )S ⊂ Hk(P̃ ), vs 7→

∑
σ∈S

vσ·S ,

where S is any flat representing s. By [5, Theorem 1.1], there is an injective linear
L : Hk(P̃ ) → Hd−k(P̃ ) that commutes with the action of S. Consequently, the
restriction of L to Hk(P̃ )S gives a linear injection

Hk(P,n) ∼= Hk(P̃ )S ↪
L−−→ Hd−k(P̃ )S ∼= Hd−k(P,n),

and taking dimensions yields top-heaviness. Also by [5, Theorem 1.1], there are S-
equivariant linear injections H0(P̃ ) ↪→ H1(P̃ ) ↪→ . . . ↪→ H⌊d/2⌋(P̃ ), which restrict to
linear injections

Hk(P,n) ∼= Hk(P̃ )S ↪
L−−→ Hk+1(P̃ )S ∼= Hk+1(P,n),

which proves the remaining statement. □

Generalizations of Lemmas 3.11 and 3.12 for matricubes appear in [1, Theorem 3.4]
(see Remark 3.8). With Lemmas 3.11 and 3.12 in hand, we have established Theo-
rem 1.1 parts (i), (iii), and (iv). We now devote our attention to Theorem 1.1(ii),
which states that P is determined by LP up to simplification.

An element of a lattice is join-irreducible if it cannot be written as a join of
strictly smaller elements.

Lemma 3.13. If P is simple and n = (rkP (1), . . . , rkP (N)), then the join-irreducibles
of LP,n are all multisets siei, with i ∈ E and 1 ⩽ si ⩽ ni.

Proof. Since P is simple, Ei is a flat of P̃ for all i ∈ E. The restriction of P̃ to Ei is a
boolean matroid of rank ni = rkP (i), so all proposed join-irreducibles are combinato-
rial flats of (P,n). Each siei is join-irreducible because the interval [0, siei] ⊂ LP,n is
a chain of length si. No other combinatorial flats are join-irreducible because s ∈ LP,n
can be written s = s1e1 ∨ · · · ∨ sN eN . □

Corollary 3.14. If P is simple and n = (rkP (1), . . . , rkP (N)), then P is determined
up to relabelling of the ground set by the poset LP,n.

Proof. By Lemma 3.13, each i ∈ E corresponds to a maximal join-irreducible xi

of LP,n. The rank function of P is recovered by rkP (S) = rkP,n(∨i∈Sxi). □
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3.4. We show that reduction and loops do not change the lattice of combinatorial
flats. From these facts, we derive Theorem 1.1.

Lemma 3.15. Suppose P is loopless. If {i} ⊂ E is not a flat of P with rank ni, then
LRi(P,n) ∼= LP,n.

Proof. We will show the map ψ : LP,n → LRi(P,n) defined by

ψ(s) =
{

s, si < ni

s − ei, si = ni

is an isomorphism. Multisets in the image of ψ are combinatorial flats of Ri(P,n) by
Lemmas 2.16 and 2.11.

For surjectivity, suppose that s ∈ LRi(P,n) is represented by a flat S of ˜Ri(P,n).
We will show there is s′ ∈ LP,n with ψ(s′) = s. By Lemmas 2.16 and 2.11, there is
e ∈ Ei ∖ S such that S ∪ e or S is a flat of P̃ . If S is a flat of P̃ , then si < ni, so
we may take s′ = s. Otherwise, suppose S ∪ e is a flat of P̃ . If si + 1 < ni, then by
Lemma 3.2, s is a combinatorial flat of P̃ , so we may again take s′ = s. Otherwise,
if S ∪ e is a flat of P̃ and si + 1 = ni, then take s′ = s + ei. This completes the proof
of surjectivity.

We now prove injectivity. Let s ∈ LRi(P,n). It is only possible for s to have more
than one preimage if si = ni − 1. In this case, the two possible preimages of s are s
and s + ei.

If rkP (i) < ni, then s cannot be a combinatorial flat of (P,n). This is because,
assuming the contrary, we obtain the false inequality

rk(s) < rk(s + ei) = rk((s − (ni − 1)ei) ∨ niei)
⩽ rk(s − (ni − 1)ei) + rk(niei) by Lemma 3.11
= rk(s − (ni − 1)ei) + rkP (i)
⩽ rk(s − (ni − 1)ei) + ni − 1
= rk(s) by Lemma 3.2 and the contrarian assumption.

Since s is not a combinatorial flat of (P,n), s has only one preimage when rkP (i) < ni.
Otherwise, we are in the case where rkP (i) = ni and {i} is not a flat of P . Choose

sets S ⊂ S′ ⊂ Ẽ representing s and s + ei, respectively, and assume towards a
contradiction that S and S′ are both flats of P̃ . Let e′ be an element of Ei ∖ Ei,
which is nonempty because {i} is not a flat of P . If e is the unique element of S′ ∖S,
then S contains (Ei ∖ e) ∪ e′.

We now show that (Ei ∖ e) ∪ e′ = Ei, which implies that S = S′, a contradiction.
By the definition of P̃ , there is A ⊂ E such that

rk
P̃

((Ei ∖ e) ∪ e′) = rkP (A) + |((Ei ∖ e) ∪ e′) ∖ ∪k∈AEk|.

If i ∈ A, then rk
P̃

((Ei ∖ e) ∪ e′) ⩾ rkP (i), so (Ei ∖ e) ∪ e′ = Ei. Otherwise, if i ̸∈ A,
then

rk
P̃

((Ei ∖ e) ∪ e′) = rkP (A) + |Ei ∖ e| + |{e′} ∖ ∪k∈AEk|
= rkP (A) + rkP (i) − 1 + |{e′} ∖ ∪k∈AEk|.

This quantity is always at least rkP (i) because P is loopless; therefore, we have
(Ei ∖ e) ∪ e′ = Ei. □

Lemma 3.16. If i is a loop of P , then LP,n ∼= LP∖i,πE∖i(n).
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Proof. If i is a loop of P , every element of Ei is a loop of P̃ , and the SEi
factor of S

acts trivially on L
P̃

. Hence,

LP,n ∼= L
P̃
/S ∼= L

P̃∖i
/πE∖i(S) ∼= LP∖i,πE∖i(n). □

Proof of Theorem 1.1. Define LP := LP,n, with n any cage for P . This definition
does not depend on the choice of cage because we may assume that P is loopless by
Lemma 3.16, then repeatedly apply Lemma 3.15 to produce an isomorphism

LP,n ∼= LP,(rkP (1),...,rkP (N)).

We will henceforth assume that n = (rkP (1), . . . , rkP (N)).
Statements (1) and (4) are the content of Lemma 3.12; we now move to proving (2).

To construct P sim: let (P ′,n′) = Ri(P ∖L, πE∖L(n)), where L is the set of loops of P
and i ∈ E ∖ L is any element such that {i} is not a flat. If the resulting polymatroid
P ′ is simple, then take P sim := P ′; otherwise, repeat these steps, replacing (P,n)
with (P ′,n′). This process terminates because the cage shrinks at each step. If the
cage is 0, then P is the polymatroid of rank 0 on zero elements, which is simple;
otherwise, the process stopped before the cage was equal to 0, meaning that a simple
polymatroid was produced.

Lemmas 3.15 and 3.16 show that LP sim ∼= LP , and Corollary 3.14 implies P sim

is the unique simple polymatroid with this property. This completes the proof of
Theorem 1.1. □

Remark 3.17. If P is loopless and realized by a subspace arrangement V1, . . . , VN ⊂
V , then P fails to be simple if and only if Vi ⊂ Vj ⊊ V for some i ̸= j. In this case, a
step of the “simplification process” used to construct P sim in the proof of Theorem 1.1
corresponds to replacing Vi with Vi + ℓ, where ℓ ⊂ V is a generic line, then deleting
loops. Alternatively, one may view this as replacing Vi with its immediate successor
Vi,codim Vi−1 in a general flag containing Vi (see Remark 3.7 and Example 3.18).

Example 3.18. Suppose that P is realized by the subspace arrangement V1 = V2 =
0 ⊆ V = C2. Complete these subspaces to general flags 0 = V1 ⊊ V1,1 ⊊ V and
0 = V2 ⊊ V2,1 ⊊ V , and let n = (2, 2). The steps of the reduction process for (P,n)
are illustrated below.

LP,n = {0, e1, e2, 2e1 + 2e2}

V1 = V2

V1,1

V2,1

LR1(P,n) = {0, e1, e2, e1 + 2e2}

V2

V1

V2,1

LR2(R1(P,n)) = {0, e1, e2, e1 + e2}

V1

V2

Remark 3.19. If j ∈ E is such that {j} is a flat of P with positive rank, then {j}
is also a flat of P sim. This fact follows from the claim below, which also provides a
concrete way to see that the simplification process terminates.
Claim. If {j} is a flat of a loopless polymatroid P and i ∈ E ∖ j, then either {i}
and {j} are both flats of RiP , or i is a loop of RiP and {i, j} is a flat of RiP .

Proof of Claim. Suppose i is a loop of RiP . If k ∈ E ∖ {i, j}, then
rkRiP ({i, j, k}) = rkRiP ({j, k}) = rkP ({j, k}) > rkP (j) = rkRiP ({i, j}),

where the second equality holds because P is loopless. Hence, {i, j} is a flat of RiP .
Otherwise, suppose i is not a loop of RiP . In this case, rkP (i) ⩾ 2. If k ∈ E ∖ i

lies in the closure of {i} in P , then
rkRiP ({i, k}) = rkP ({i, k}) = rkP (i) > rkP (i) − 1 = rkRiP (i).
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If k does not lie in the closure of {i} in P , then
rkRiP ({i, k}) ⩾ rkP ({i, k}) − 1 > rkP (i) − 1 = rkRiP (i).

This shows that {i} is a flat of RiP . One similarly checks that {j} remains a flat
in RiP . If k ∈ E ∖ {i, j}, then

rkRiP ({j, k}) = rkP ({j, k}) > rkP (j) = rkRiP (j).
If rkP ({i, j}) = rkP (j) + rkP (i), then

rkRiP ({i, j}) = rkP (j) + rkP (i) − 1 ⩾ rkP (j) + 1 > rkP (j) = rkRiP (j);
otherwise,

rkRiP ({i, j}) = rkP ({i, j}) > rkP (j) = rkRiP (j). □

3.5. We axiomatically characterize posets of combinatorial flats. In light of Theo-
rem 1.1, this provides a cryptomorphic definition of simple polymatroids, generalizing
the equivalence of geometric lattices and simple matroids.

Let L be a graded lattice with minimum element 0̂. The nullity of e ∈ L is
null(e) = #{join-irreducibles below e} − rkL(e),

where rkL(e) is the length of any saturated chain in [0̂, e]. The geometric part of e,
denoted egeo, is the join of all elements of [0̂, e] that are maximal irreducibles of L.

Theorem 3.20. A graded poset L is the lattice of combinatorial flats of a polyma-
troid P if and only if

• L is a semimodular lattice,
• the join-irreducibles of L ∖ 0̂ form a downward-closed set, and
• for any e ∈ L, null(e) = null(egeo).

Proof. If P is a polymatroid (which we may assume simple by Theorem 1.1(2)),
then the prescribed properties hold for LP by Theorem 1.1(1), Lemma 3.13, and
Lemma 3.2.

Conversely, suppose that L is a poset with the prescribed properties. Let E be the
set of maximal join-irreducibles of L and define a simple polymatroid P by rkP (A) :=
rkL(∨i∈Ai). Let n = (rkL(i))i∈E .

Since the irreducibles of L are downward closed, for each i ∈ E,
[0̂, i] = {0̂ < xi,1 < · · · < xi,ni

= i}.
By construction of P , the following are equivalent:

• F ⊂ E is a flat of rank r
• {i : xi,ni

⩽ ∨j∈Fxj,nj
} = F and rkL(∨j∈Fxj,nj

) = r,
• and

∑
j∈F njej is a combinatorial flat of rank r.

Define maps
φ : LP

∼= LP,n → L, φ(s) = ∨i∈E xi,si

φ′ : L → LP,n ∼= LP , x 7→ ∨xi,j⩽x jei.

Plainly, the compositions φ ◦ φ′ and φ′ ◦ φ are increasing maps (i.e. (φ ◦ φ′)(x) ⩾ x
and (φ′ ◦ φ)(s) ⩾ s). To finish, we show that both φ and φ′ decrease rank. Let s
be a combinatorial flat and let F = {i : si = ni}, so that sgeo =

∑
i∈F niei. Using

submodularity of rkL, our discussion of flats of P , and Lemma 3.2, we obtain

rkL(φ(s)) ⩽ rkL(∨i∈Fxi,ni
) +

∑
i∈E∖F

sj

= rkP (F ) +
∑

i∈E∖F

sj = rkP (sgeo) + |s − sgeo| = rkP (s).
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This shows that φ decreases rank. On the other hand, if x ∈ L and F = {i : xi,ni
⩽ x},

then∑
i∈E

max{j : xij ⩽ x} − rkL(x) = null(x) = null(xgeo) =
∑

i:xi,ni
⩽x

ni − rkL(xgeo),

so

rkL(x) = rkL(xgeo) +
∑

i:xi,ni
̸⩽x

max{j : xi,j ⩽ x}

= rkP

(∑
i∈F

niei

)
+
∑

i:xi,ni
̸⩽x

max{j : xi,j ⩽ x}⩾ rkP (∨xi,j⩽xjej) = rkP (φ′(x)).

This shows that φ′ also decreases rank. Hence, both φ ◦ φ′ and φ′ ◦ φ are increasing
maps that decrease rank, which means they must be the identity. □

4. Schubert varieties of subspace arrangements
We introduce and study the Schubert variety YV ⊂ Pn associated to a linear subspace
V ⊂ Kn, with K an algebraically closed field of characteristic 0. Our construction is
founded on work of Hassett and Tschinkel [17], which we review in Sections 4.1 and 4.2.
We construct YV in Section 4.4, then in Section 4.5 compute the support of its class in
the Chow ring of Pn. In Section 4.6, we discuss “polymatroid generality”, a condition
that guarantees YV consists of finitely many V -orbits. We assume this condition in
Section 4.7, where we use the results of Section 4.5 to identify strata of YV , ending
with a proof of Theorem 1.3. Finally, in Section 4.8, we give a presentation for the
singular cohomology ring of YV when K = C and V is polymatroid general.

4.1. We explain a construction of Hassett and Tschinkel [17], which we will eventually
think of as the variety associated to a polymatroid on one element. Loosely speaking,
Hassett and Tschinkel show that there is only one action of the n-dimensional additive
group Gn

a on Pn with finitely many orbits. More precisely:

Theorem 4.1 ([17, Proposition 3.7]). Over an algebraically closed field of character-
istic 0, there is a left action of Gn

a on Pn with finitely many orbits. The action is
unique up to isomorphism of Gn

a -variety structures.

To make matters concrete, choose coordinates a1, . . . , an and b0, . . . , bn on Gn
a

and Pn, respectively. The action on Pn is given by the faithful representation
ρn : Gn

a → Aut(Pn) = PGLn+1,

a = (a1, . . . , an) 7→ exp



0 0 0 · · · 0

a1 0 0
. . .

...

a2 a1 0
. . . 0

...
. . . . . . . . . 0

an · · · a2 a1 0


.

The entries in each northwest-to-southeast diagonal of ρn(a) are all equal to one
another. Explicitly, the (i, j) entry is

(ρn(a))i,j =
{

1
(i−j)!Bi−j(1!a1, 2!a2, . . . , (i− j)!ai−j), i ⩾ j

0, otherwise,
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where Bk is the (exponential) Bell polynomial of degree k, defined by B0 = 1 and

Bi(x1, . . . , xi) = i!
∑

j1+2j2+···+iji=i

1
j1!j2! · · · ji!

(x1

1!

)j1 (x2

2!

)j2
· · ·
(xi

i!

)ji

for i ⩾ 1.

This description implies the following facts.

Proposition 4.2. The action of Gn
a on Pn partitions Pn into orbits

Ok := {b0 = b1 = · · · = bn−k−1 = 0, bn−k ̸= 0}, 0 ⩽ k ⩽ n.

The stabilizer of any point of Ok is

Stk := {a1 = a2 = · · · = ak = 0} ⊂ Gn
a ,

and the closure of Ok in Pn is Ok = ∪i⩽k Oi.

Example 4.3. The action of G2
a on P2 is

(a1, a2) · [b0 : b1 : b2] =

 1 0 0
a1 1 0

1
2a

2
1 + a2 a1 1

 · [b0 : b1 : b2]

=
[
b0 : a1b0 + b1 : 1

2a
2
1b0 + a2b0 + a1b1 + b2

]
.

4.2. Consider now the semidirect product Gn
a ⋊Gm (with n ⩾ 1), in which Gm acts

on Gn
a by t · a = (ta1, t

2a2, . . . , t
nan). If we define

λn : Gm → Aut(Pn), t 7→


1
t
t2

. . .
tn

 ∈ Aut(Pn),

then ρn extends to an injective homomorphism

Gn
a ⋊Gm ↪→ Aut(Pn), (a, t) 7→ ρn(a)λn(t),

in which the image of λn normalizes the image of ρn. The orbits of Gn
a ⋊Gm on Pn are

the same as those of Gn
a , but each Gn

a -orbit Oi contains a unique Gm-fixed point. In
coordinates, the fixed point is [en+1−i]. Consequently, we may canonically identify Oi

with Gn
a/ Sti via the map a 7→ ρn(a) · [en+1−i].

4.3. Throughout the remainder of Section 4, fix notation:
• V ⊂ Kn = Kn1 × · · · × KnN is a d-dimensional linear subspace,
• aij and bik, with 1 ⩽ i ⩽ N , 1 ⩽ j ⩽ ni, and 0 ⩽ k ⩽ ni, are coordinates on

Kn and Pn, respectively,
• P is the polymatroid on E = {1, . . . , N} associated to V ,
• P̃ is the lift of P with respect to n, on ground set Ẽ = E1 ⊔ · · · ⊔ EN .

Phrases like “combinatorial flat of V ” should be taken to mean “combinatorial flat
of (P,n).” In Sections 4.7 and 4.8, we will assume that V is “polymatroid general”,
in the sense defined in Section 4.6.

4.4. We construct Schubert varieties of subspace arrangements, bootstrapping from
the Hassett-Tschinkel action of Section 4.1. Identifying Gni

a and Kni , the Hassett-
Tschinkel maps ρni

: Kni → Aut(Pni) assemble to a map ρ : Kn → Aut(Pn), allow-
ing Kn to act on Pn. For each multiset s ⩽ n, there is an |s|-dimensional orbit

Os := Os1 × · · · ×OsN
⊂ Pn,
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whose closure is a product of projectivized coordinate subspaces

Ps := Ps1 × · · · × PsN ⊂ Pn.

All points in Os have the same stabilizer, denoted by Sts. The explicit description in
Section 4.1 shows that Sts is the coordinate subspace of Kn cut out by

ai,1 = ai,2 = · · · = ai,si
= 0, 1 ⩽ i ⩽ N.

By Section 4.2, ρ extends to an injection

Kn ⋊Gm ↪→ Aut(Pn),

and each orbit Os contains a unique Gm-fixed point ([en1+1−s1 ], . . . , [enN +1−sN
]).

This yields a canonical isomorphism

ι : Kn → On, a 7→ ρ(a) · ([e1], . . . , [e1]).

Definition 4.4. The Schubert variety of V ⊂ Kn is YV := ι(V ), the closure of ι(V )
in Pn.

4.5. We compute the support of the Chow class of YV . Given a nonsingular varietyX,
let Ad(X) be the Chow group of X spanned by d-dimensional cycles. If Y and Y ′ are
subvarieties of X, then their intersection product is written [Y ] · [Y ′].

Lemma 4.5. The Chow class of YV in Ad(Pn) is of the form

[YV ] =
∑

b basis of P

cb [Pb].

Proof. Write [YV ] =
∑

|t|=d ct[Pt]. Let s be a multiset with |s| = d that is not a basis
of P . We will show that [Ps] has coefficient zero in [YV ].

Let T = {i : si = ni}. This set is nonempty: if we suppose falsely that T = ∅, then
by Lemma 3.2, s = s. This means that s is a combinatorial flat satisfying sgeo = 0,
so by Lemma 3.2 once more,

rkP (s) = rkP (sgeo) + |s − sgeo| = 0 + |s| = d,

contrary to the fact that s is not a basis.
Let s′ = s −

∑
i∈E∖T siei. The pushforward πT ∗ : A0(Pn) → A0(PπT (n)) is an iso-

morphism, so cs = 0 if and only if πT ∗(cs[pt]) is zero in A∗(PπT (n)). By the projection
formula,

πT ∗(cs[pt]) = πT ∗([Pn−s] · [YV ]) = πT ∗([Pn−s′
] · [Pn−s+s′

] · [YV ])

= [PπT (n−s′)] · πT ∗([Pn−s+s′
] · [YV ]).

The class [Pn−s+s′ ] · [YV ] is represented by a subvariety Y ′ of YV , obtained by
intersecting YV with appropriately general hyperplanes. To show that [PπT (n−s′)] ·
πT ∗([Pn−s+s′ ] · [YV ]) = [PπT (n−s′)] · πT ∗([Y ′]) is zero, it suffices to show that
dim πT (Y ′) < |πT (s′)|. In fact, this is the case: by Lemma 3.2,

dim πT (Y ′) ⩽ dim πT (YV ) = rkP (T ) = rkP,n(sgeo)

= rkP,n(s) −
∑

i∈E∖T

si < d−
∑

i∈E∖T

si =
∑
i∈T

si = |πT (s′)|.

We conclude that cs = 0. □

Lemma 4.6. For each basis b of P , cb > 0.
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Proof. Let I : Kn → On ⊂ Pn be the usual map from
∏N

i=1 Kni to
∏N

i=1 Pni , given
by bij

bi0
(I(a)) = aij . Write V for the closure of I(V ) in Pn. The Chow class of V is (see

e.g. [8]) given by
[V ] =

∑
b basis of P

[Pb].

Therefore if we can find a flat family Xt of subvarieties of Pn such that X1 is isomor-
phic to YV and X0 ⊃ V , then cb ⩾ 1 for all bases b of P . Recall from Section 4.4 that
YV is the closure of ι(V ), where ι : Kn → On. The idea is that I(V ) is the tangent
space to ι(V ) at the origin of On, so we can construct a deformation of YV by taking
the closure of the deformation of ι(V ) to its tangent space.

We now construct such a family. Allow Gm to act on Kn and Pn in the standard
way, given in the ith factor by

t · (ai,1, . . . , ai,ni
) = (tai,1, . . . , tai,ni

) and
t · [bi,0 : bi,1 : · · · : bi,ni ] = [bi,0 : tbi,1 : · · · : tbi,ni ],

and define
ι′◦ : Kn × Gm → On × A1, (a, t) 7→ t−1 · ι(t · a).

From Section 4.1, we see that

biℓ

bi0
(ι′◦(a, t)) =

∑
j1+2j2+···+ℓjℓ=ℓ

tj1+j2+···+jℓ−1 a
j1
i,1a

j2
i,2 · · · ajℓ

i,ℓ

j1!j2! · · · jℓ!
, 1 ⩽ ℓ ⩽ ni,

so ι′◦ extends to a regular map
ι′ : Kn × A1 → On × A1

satisfying
biℓ

bi0
(ι′(a, 0)) = aiℓ.

Let X be the closure of ι′(V × A1) in Pn × A1. Equivalently, X is the closure of
ι′◦(V × Gm), so X is a flat family over A1 (e.g. by [20, Proposition 4.3.9]).

Observe that X0 ⊃ V . On the other hand, there is a diagram

V × Gm Kn × Gm Pn × Gm

V × Gm Kn × Gm Pn × Gm

∼=

ι′×Id

∼= ∼=

ι×Id

given fiberwise as
V Kn

t Pn
t

V Kn
t Pn

t .

t·

ι′

t· t·

ι

Taking closures, we obtain an isomorphism of families

X Pn × Gm

YV × Gm Pn × Gm,

∼= ∼=

that identifies X1 with YV . □

Remark 4.7. Another proof of Lemma 4.6 goes as follows: a projection of On ∩ YV

onto a given d-element subset of the coordinates {bij/bi0}i,j is dominant if and only
if its induced map on tangent spaces is surjective at a general point of On ∩ YV .
Consequently, to prove that cb > 0, it suffices to produce a point p ∈ On ∩ YV

and a d-element set of coordinates representing b such that the derivative of the
corresponding projection is surjective at p.

The derivative of ι at 0 ∈ V identifies V with the tangent space of YV at the
point p = [1 : 0 : 0 : · · · : 0] × · · · × [1 : 0 : 0 : · · · : 0]. Therefore, if b is a basis of
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the polymatroid P associated to V , then a d-element set of the type desired exists,
proving that cb > 0.

4.6. The Schubert variety YV is V -equivariant, hence is a union of V -orbits. To guar-
antee that the number of orbits is finite, we require V to be polymatroid general
(henceforth, p.g.), meaning that for each multiset s ⩽ n,

rkP,n(s) = codimV V ∩ Sts .

If the matroid of V in (K1)|n| ∼= Kn is P̃ , then V is polymatroid general, so any
realizable polymatroid has a p.g. realization by Remark 2.9. However, not all p.g.
realizations of P realize P̃ .

The next two results allow us to make inductive arguments; we will use them often
without mention.

Proposition 4.8. If V is p.g. and i ∈ E, then πE∖i(V ) is p.g.

Proof. Let s′ ⩽ πE∖i(n) be a multiset and let s =
∑

j∈E∖i s
′
jej . There is a commuting

diagram with exact rows

0 V ∩ ker(πE∖i) V ∩ Sts V ′ ∩ Sts′ 0

0 V ∩ ker(πE∖i) V V ′ 0,πE∖i

so codimV ′ V ′∩Sts′ = codimV V ∩Sts = rkP (s). The multisets s and s′ are represented
by the same set S ⊂ Ẽ ∖ Ei, so

codimV ′ V ′ ∩ Sts′ = rkP,n(s) = rk
P̃

(S) = rk
P̃∖Ei

(S) = rk
P̃∖i

(S) = rkP∖i,πE∖i(n)(s′),

which is the desired conclusion. □

Proposition 4.9. Suppose V ⊂ Kn is a p.g. subspace and A ⊂ E. If H is the preimage
in Kn of a general(6) hyperplane in KπA(n), then V ∩H is p.g.

Proof. Let s ⩽ n be a multiset represented by S ⊂ Ẽ. From Section 2.5, we learn

rkTAP,n(s) = rk
T̃AP

(S) =
{

rk
P̃

(S) − 1, if ∪i∈AEi ⊂ S

rk
P̃

(S), otherwise

=
{

rkP,n(s) − 1, if A ⊂ {i : si = ni}
rkP,n(s), otherwise.

On the other hand,

codimV ∩H V ∩H ∩ Sts =
{

codimV V ∩ Sts −1, if V ∩ Sts ⊂ V ∩H

codimV V ∩ Sts, otherwise

=
{

rkP,n(s) − 1, if V ∩ Sts ⊂ V ∩H

rkP,n(s), otherwise.

To finish, observe that A ⊂ {i : si = ni} if and only if V ∩ Sts ⊂ V ∩ H for a
Zariski-general H. □

(6)By which we mean a hyperplane such that H ∩ V realizes TAP . See also Remark 2.15.
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4.7. We establish Theorem 1.3 via a series of lemmas characterizing the strata of YV .
Throughout this section, V is assumed to be polymatroid general.

Lemma 4.10. If s is not a combinatorial flat of V , then YV ∩Os is empty.

Proof. We induct on N . For any point x ∈ Os,

(∗) dim(V · x) = codimV (V ∩ Sts) = rkP (s).

Since YV is a union of V -orbits and V is p.g., the desired statement follows immedi-
ately from dimensional considerations when N = 1.

Otherwise, suppose N > 1. If rk(s) = d, then the dimension formula implies YV ∩Os
is nonempty if and only if s = n. Otherwise, if rk s < d, then there is i ∈ E such that
si < ni. The projection YV → YπE∖i(V ) sends YV ∩ Os into YπE∖i(V ) ∩ OπE∖i(s). By
Lemma 3.9, πE∖i(s) is not a combinatorial flat of πE∖i(V ), so YπE∖i(V ) ∩OπE∖i(s) is
empty by induction on N . This means YV ∩Os is empty too. □

The following result gives a sharp description of the geometry of a nonempty stra-
tum.

Lemma 4.11. If s is a combinatorial flat of V such that YV ∩ Os is nonempty and
V ′ = π{i:si=ni}(V ), then YV ∩ Os = ι(V ′) ×

∏
si<ni

Osi
. Consequently, YV ∩ Os is a

single V -orbit of dimension rk(s), and

YV ∩Os = YV ′ ×
∏

si<ni
Psi = YV ′×

∏
si<ni

Ksi
⊂ Ps.

Proof. The statement plainly holds when s = n. Otherwise, assume s is a proper
combinatorial flat. The V -orbit of any point in Os has dimension rk(s) and YV is
V -equivariant, so YV ∩Os has dimension at least rk(s).

We complete the proof for proper combinatorial flats by inducting on N . First
consider N = 1, so that YV ⊂ Pn1 . By Lemma 4.10, YV ∩ Pn1−1 ⊂ Pdim V −1. Since
YV ∩ Pn1−1 is a divisor on YV , we must have YV ∩ Pn1−1 = Pdim V −1. Since V is
polymatroid general, Oi ⊂ Pdim V −1 is a single V -orbit, and YV ∩Oi = Pi as desired.

Now, suppose N > 1. Since s is a proper combinatorial flat, there is j ∈ E such that
sj < nj . Set V ′ = πE∖j(V ) and s′ = πE∖j(s). The projection πE∖j : Pn → PπE∖i(n)

induces a surjection YV → YV ′ . This map sends YV ∩ Os into YV ′ ∩ Os′ , so by the
induction hypothesis

YV ∩Os ⊂ Osj
× (YV ′ ∩Os′) = Osj

× ι(π∪s′
i

=ni
Ei

(V )) ×
∏

s′
i
<ni

Osi

= ι(π∪si=ni
Ei(V )) ×

∏
si<ni

Osi .

The dimension of the left-hand set is at least rk(s) because V is polymatroid general;
the right-hand set is connected of dimension rk(s) by Lemma 3.2. Hence, the two
sides are equal.

To see that YV ∩ Os is a single V -orbit, recall that V is polymatroid general,
meaning that the V -orbit of any point in Os has dimension rk(s), and we have just
proved that YV ∩Os is connected of dimension rk(s). The rest of the “consequently”
is clear. □

Lemma 4.12. If s is a combinatorial flat, then YV ∩Os is nonempty.

Proof. We induct on dimV . If dimV = 1, let s be its minimal combinatorial flat.
Since V is just a line, one sees that Os ⊂ YV using the explicit description of the Bell
polynomials in Section 4.1.
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Otherwise, suppose dimV > 1. For a general hyperplane H in Kn, YV ∩H ∩ Os is
nonempty for every combinatorial flat s of corank greater than 1 by the induction
hypothesis and Lemma 3.10. By the same argument, if F = {i : si = ni} is nonempty,
then YV ∩H ∩ Os is nonempty for H ⊂ Kn the preimage of a general hyperplane
in KπF (n).

We have now reduced to the case where s is a combinatorial flat of rank d− 1 with
sgeo = 0. By Lemma 3.4, this means that s is an independent multiset of cardinality
d − 1, so there is i ∈ E such that s + ei is a basis of P . Let H = Pn−ei . Every
irreducible component of YV ∩H is (d− 1)-dimensional, so by [12, Theorem 1.26],

[Pn−ei ] · [YV ] =
∑

C

mC [C],

where C runs over all irreducible components of YV ∩H. By Lemma 4.10,

YV ∩H ⊂
⋃
s′
YV ∩ Ps′

,

where the union runs over all corank 1 combinatorial flats s′ ⩽ n−ei. By Lemma 4.11,
each irreducible component C of YV ∩H is among those of ∪s′YV ∩ Ps′ , so

[Pn−ei ] · [YV ] =
∑

s′

ms′ [YV ∩ Ps′
],

with ms′ = 0 if dimYV ∩Ps′
< d−1. By Lemma 4.11 and Lemma 4.6, we may further

expand as
[Pn−ei ] · [YV ] =

∑
s′

ms′

∑
b′ basis of s′

cs′,b′ [Pb′
].

On the other hand, by Lemma 4.6,

[Pn−ei ] · [YV ] =
∑

b basis of P
bi>0

cb[Pb−ei ],

with all coefficients positive. Since s is both an independent multiset and a combina-
torial flat of P , [Ps] appears in both expansions, and 0 < cs = mscs,s. This implies
ms ̸= 0, so dimYV ∩ Ps = d− 1, hence YV ∩Os ̸= ∅. □

Proof of Theorem 1.3. Characterization of when YV intersects Os is Lemma 4.10 and
Lemma 4.12. Theorem 1.3(1) follows from Lemma 4.11, and Theorem 1.3(3) is ob-
tained by combining Lemma 4.11 and Lemma 4.6.

It remains to prove Theorem 1.3(2), which states that if s, s′ ∈ LP,n, then
YV ∩Os ⊃ YV ∩Os′ if and only if s ⩾ s′.

Fix s ∈ LP,n. By Lemma 3.9, s′ < s is a combinatorial flat of V if and only if
s′

i ⩽ si for all i and (s′
j)j:sj=nj is a combinatorial flat of V ′ := π{j:sj=nj}(V ). Such

multisets s′ are precisely those that index the nonempty strata of YV ∩Os, since

YV ∩Os = YV ′ ×
∏

si<ni

Psi

by Lemma 4.11. Lemma 4.11 also implies

Os′ ∩ (YV ′ ×
∏

si<ni

Psi) = Os′ ∩ YV

whenever both sides are nonempty, which completes the proof. □

Remark 4.13 (Rescaling coordinates). Theorems 1.3 describes properties of Schubert
varieties of subspace arrangements, extending well-known results for Schubert vari-
eties of hyperplane arrangements from [2], which correspond to the case n = (1, . . . , 1).
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One further such property follows: when n = (1, . . . , 1), it is well-known that chang-
ing V by rescaling each coordinate of Kn = KN does not change the isomorphism
class of YV . For general n, the isomorphism class of YV is unchanged if we perform a
weighted rescaling of each factor Kni , as described in Section 4.2.

Remark 4.14 (Flags from the group action). Assume that V realizes a simple poly-
matroid. The subspaces Vij = V ∩ Stjei

for 1 ⩽ i ⩽ N and 1 ⩽ j ⩽ ni comprise
a collection of N flags in V . The combinatorial flats record intersection pattern of
these flags, as rk(s) = codimV V1,s1 ∩ V2,s2 ∩ · · · ∩ VN,sN

. The “polymatroid general”
condition on V guarantees that these flags are in general position with respect to one
another (see also Remark 3.7).

Example 4.15 (Simplification changes the Schubert variety). Let n = (2, 2), and
consider the subspace V ⊂ Kn = K2 × K2 given by the rowspan of(

1 0 1 1
0 1 1 −1

)
.

The data V ⊂ Kn realizes the nonsimple polymatroid of Example 3.18, whose sim-
plification is the boolean matroid on two elements. However, we will see that YV is
not isomorphic to the Schubert variety (P1)2 of the simplification. Consider the linear
parameterization (u, v) 7→ (u, v, u+ v, u− v) of V , and the corresponding parameter-
ization of ι(V ) ⊂ P2 × P2:

(u, v) 7→ [1 : u : v + 1
2u

2] × [1 : u+ v : u− v + 1
2(u+ v)2].

Recall that we label the coordinates on the right hand side as [b10 : b11 : b12] × [b20 :
b21 : b22]. The relations between the coordinates b11, b12, b21, b22 on the right hand
side are generated by the inhomogenious equations

b2
21 + 4b11 − 2b21 − 2b22,

b2
11 − 2b11 − 2b12 + 2b21.

To take the closure in Pn, we homogenize the above equations in the variables b10, b20
so that they are bihomogeneous, and then saturate them with respect to the ideal
generated by b10b20 to obtain the homogenious equations

160 b11b
2
20 − 32 b12b

2
20 − 96 b10b20b21 + 10 b20b21 − b2

21 + 2 b20b22,

10 b10b11b20 + b2
11b20 − 2 b10b12b20 − 6 b2

10b21,

240 b3
11b20 + 48 b2

11b12b20 − 96 b10b
2
12b20 − 1 440 b2

10b11b21 − 288 b2
10b12b21 + 1 500 b2

10b21

− 250 b10b11b21 − 25 b2
11b21 + 50 b10b12b21 + 300 b2

10b22.

One can check (e.g. by using Macaulay2 [16]) that the subvariety YV ⊂ Pn defined by
the displayed equations is singular, and therefore not isomorphic to (P1)2.

4.8. In this section, we establish Theorem 1.7, which gives a formula for the coho-
mology ring of YV . Throughout, we assume that V is polymatroid general. For an
independent multiset b, let cb > 0 be the coefficient of [Pb] in [YV ∩ Pb], as in the
statement of Theorem 1.3.

Proposition 4.16. If V ⊂ Cn is polymatroid general, then its singular cohomology
ring H∗(YV ,Q) is isomorphic to Q[y1, . . . , yN ]/I, where I is the ideal generated by

cb′yb1
1 · · · ybN

N − cby
b′

1
1 · · · yb′

N

N , b and b′ are independent multisets of P with b = b′,

yd1
1 · · · ydN

N , d is a dependent multiset.
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Proof. Let κ : YV → Pn denote the inclusion. By Theorem 1.3(3), the classes
{[YV ∩ Ps] : s ∈ LP,n} are linearly independent in A∗Pn, so the pushforward
A∗YV → A∗Pn is injective.

The sets Os and YV ∩Os comprise algebraic cell decompositions of Pn and YV , re-
spectively. Hence, the Chow groups of these varieties are naturally isomorphic to their
Borel-Moore homology groups via the cycle class map [15, Example 19.1.11]. Since Pn

and YV are compact, their Borel-Moore homology is equal to their singular homology.
Summing up, we’ve learned that the singular homology groups of YV are all free and
that the homology pushforward κ∗ : H∗(YV ;Z) → H∗(Pn;Z) is injective. Applying
the Universal Coefficient Theorem, we learn that κ∗ : H∗(Pn;Q) → H∗(YV ;Q) is
surjective.

The cohomology ring of Pn is isomorphic to R := Q[y1, . . . , yN ]/(yn1+1
1 , . . . , ynN +1

N ),
where yi represents a hyperplane pulled back from Pni . The monomials yni+1

i are
among the claimed relations because ni ⩾ rkP (i) for all 1 ⩽ i ⩽ N .

Let us verify that the remaining generators of I are in ker(κ∗). By the Universal
Coefficient Theorem, the pullback of α ∈ Hk(Pn;Q) is zero if and only if its cap
product with any element of Hk(YV ;Q) is zero. By the projection formula and the
injectivity of κ∗, this is equivalent to α ⌢ [YV ∩Os] = 0 for all rank k combinatorial
flats s of P . By Theorem 1.3(3),

yb1
1 · · · ybN

N ⌢ [YV ∩Os] =
{
cb, if b is independent and b = s
0, otherwise,

so all claimed relations are in ker(κ∗). Moreover, the dimension of the degree k homo-
geneous component of R/I is plainly equal to dimHk(YV ;Q), which completes the
proof. □

Proof of Theorem 1.7. Let S = Q[ys : s ∈ LP,n], graded by deg ys = rkP (s). Using
the notation of Proposition 4.16, define a map

ϕ : S → H∗(YV ,Q), ys 7→ 1
cb
yb1

1 · · · ybN

N

where b is any basis of s. The image of ys does not depend on b by Proposition 4.16.
Let J be the ideal of S generated by

ysys′ , rk(s ⌣ s′) < rk(s) + rk(s′)
cbcb′ysys′ − cb+b′ys⌣s′ , b,b′ are bases of s, s′ so that b + b′ is a basis for s ⌣ s′.

We first show that J ⊂ kerϕ. Suppose s and s′ are two combinatorial flats. If
rk(s ⌣ s′) < rk(s) + rk(s′), then the sum of any pair of bases of s and s′ is a de-
pendent multiset, so ϕ(ysys′) = 0. On the other hand, if rk(s ⌣ s′) = rk(s) + rk(s′),
then there are bases b and b′ such that b+b′ is a basis for s ⌣ s′, so cbcb′ϕ(ysys′) =
cb+b′ϕ(ys⌣s′). Hence, J ⊂ kerϕ.

Surjectivity of ϕ follows from the fact that ϕ(ys) ⌢ [YV ∩ Ps′ ] is 1 if s = s′ and 0
otherwise. Finally, it is evident from the relations that the ys generate S/J as a Q-
vector space, so the degree k part of S/J has dimension at most dimHk(YV ;Q), and
therefore J = kerϕ. □

Remark 4.17 (Geometry & top-heaviness of combinatorial flats). In general, our proof
of Theorem 1.1(4) (Section 3.4) relies on high-powered results of [5]. However, if P is
realized by V ⊂ Kn with K of characteristic 0, then our work gives an independent
proof of top-heaviness for LP via arguments similar to those contained in [19, 3].

In outline: By [24, Proposition 6.8.11], we may assume that K = C. Let IHi(YV ) be
the degree i intersection cohomology of YV , and let Hi(YV ) be the degree i singular
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cohomology. Arguments of [19, 3] show that there is an injection of H∗(YV )-modules
H∗(YV ) → IH∗(YV ). Intersection cohomology has the Hard Lefschetz property for
any ample class L ∈ H2(YV ), meaning that the multiplication maps

IHi(YV ) → IHd−i(YV ), α 7→ Ld−2iα,

are injective when i ⩽ d/2. These maps preserve the submodule H∗(YV ) ⊂ IH∗(YV ),
so they restrict to injections Hi(YV ) → Hd−i(YV ). Theorem 1.7 states that
dimHk(YV ) = |Lk

P |, so taking dimensions yields top-heaviness for LP .

5. Problems
5.1. We produce Schubert varieties for polymatroids P realizable over a field of
characteristic 0. In this case, our work provides a geometric proof of the top-heavy
property for LP . The proof of top-heaviness for realizable matroids [19] relies on
being able to construct Schubert varieties of hyperplane arrangements in positive
characteristic.

Question 5.1. Given a polymatroid P realizable over a field of positive characteris-
tic, construct a variety with an affine paving whose poset of strata if the lattice of
combinatorial flats, thereby proving top-heaviness of LP .

5.2. Schubert varieties of hyperplane arrangements are always normal, but this is
untrue for Schubert varieties of subspace arrangements.

Example 5.2. Let V be cut out by the equation a11 + a12 = a21 + a22 in C2 × C2.
Then YV is the hypersurface in P2 × P2 defined by

b2
20(b10b11 + b10b12 − 1

2b
2
11) = b2

10(b20b21 + b20b22 − 1
2b

2
21).

Setting bij/kℓ := bij/bkℓ, let U be, for example, the affine chart on which b12 ̸= 0 and
b22 ̸= 0, with coordinate ring O(U) given by

K[b10/12, b11/12, b20/22, b21/22]
⟨b2

20/22(b10/12b11/12 + b10/12 − 1
2b

2
11/12) − b2

10/12(b20/22b21/22 + b20/22 − 1
2b

2
21/22)⟩

.

The rational function

f =
b20/22

b10/12
(b10/12b11/12 + b10/12 − 1

2b
2
11/12)

satisfies the monic polynomial

X2 − (b10/12b11/12 + b10/12 − 1
2b

2
11/12)(b20/22b21/22 + b20/22 − 1

2b
2
21/22) ∈ O(U)[X],

yet is not a regular function on U . Nevertheless, in general we conjecture that
YV ⊂

∏N
i=1 Pni is normal when the subspaces V ∩ ker(πE∖i), 1 ⩽ i ⩽ N , span V .

Question 5.3. Determine when Schubert varieties of subspace arrangements are nor-
mal.

5.3. The ideals defining Schubert varieties of hyperplane arrangements in (P1)N are
studied in [2], and found to be highly tractable: multidegrees, multigraded Betti num-
bers, and initial ideals can all be understood explicitly in terms of the combinatorics of
the relevant matroid. We believe these objects will also admit combinatorial descrip-
tions for Schubert varieties of subspace arrangements. A major obstacle to verifying
this is that we do not know their defining equations.

Question 5.4. Find defining equations for Schubert varieties of subspace arrange-
ments.
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Unlike those of Schubert varieties of hyperplane arrangements, equations for Schu-
bert varieties of subspace arrangements cannot be obtained by mere homogenization
of circuits, even in relatively simple cases.

Example 5.5. Let V be the line in C3 spanned by (1, 1, 1), which represents the
polymatroid P of rank 1 on one element. A minimal set of polynomials defining
YV ⊂ P3 is:

6x0b12 + 4x1b12 + 2 b2
12 − 6x0x3 − 3x1x3

x2
1 − 2x1b12 − 2 b2

12 + 3x1x3

3x0x1 + 5x1b12 + 4 b2
12 − 3x0x3 − 6x1x3.

The ideal generated by these polynomials is not the ideal of homogenized circuits
of V . However, observe that there are three minimal equations of degree 2, and that
the matroid lift P̃ with respect to n = (3) is a uniform matroid of rank 1 on three
elements, which has three circuits of size 2.

In general, we observe in examples that if YV ⊂ Pn, then the number of minimal
equations of a given multidegree d is equal to the number of circuits of the lift P̃ with
respect to n that represent d.

Along similar lines, [2, Theorem 1.5] gives a combinatorial formula for the multi-
graded Betti numbers of the ideal of a Schubert variety of hyperplane arrangement.

Question 5.6. Find a combinatorial formula for the multigraded Betti numbers of the
ideal of a Schubert variety of subspace arrangement.

5.4. The Chow class of a Schubert variety of subspace arrangement YV ⊂ Pn may not
be multiplicity-free, and the coefficients cb of [YV ] may depend on n. We conjecture
the following formula:

Conjecture 5.7. If YV ⊂ Pn, then when b is a basis, the coefficient of [Pb] in [YV ]
is cb =

(
n1
b1

)(
n2
b2

)
· · ·
(

nN

bN

)
.

5.5. The singularities of Schubert varieties of hyperplane arrangements can be re-
solved in a “universal fashion” using the stellahdral variety of [6].

Question 5.8. Resolve the singularities of Schubert varieties of subspace arrange-
ments. Is there a “universal” resolution?

5.6. The Z-polynomial of a matroid M is a combinatorial invariant defined in [25].
When M is realized by V ⊂ KN , the Z-polynomial is the Poincaré polynomial of the
intersection cohomology of the Schubert variety of hyperplane arrangement YV .

Question 5.9. Compute the intersection cohomology Betti numbers of a Schubert
variety of subspace arrangement. Are they combinatorially determined?

An analogous question can be asked for the Kazhdan–Lusztig polynomial
of [13], which in the case of a realizable matroid corresponds to the local intersec-
tion cohomology of YV at the point (∞, . . . ,∞).

Acknowledgements. We thank Lucas Gierczak for helping to sort out the relationship
between the “matricubes” of [1] and the objects of the present work (see Remark 3.8),
and Matt Larson for helpful comments on our draft.

Algebraic Combinatorics, Vol. 8 #5 (2025) 1310



Combinatorial flats and Schubert varieties of subspace arrangements

References
[1] Omid Amini and Lucas Gierczak, Combinatorial flag arrangements, 2024, https://arxiv.org/

abs/2404.01971.
[2] Federico Ardila and Adam Boocher, The closure of a linear space in a product of lines, J.

Algebraic Combin. 43 (2016), no. 1, 199–235.
[3] Anders Björner and Torsten Ekedahl, On the shape of Bruhat intervals, Ann. of Math. (2) 170

(2009), no. 2, 799–817.
[4] Joseph E. Bonin, Carolyn Chun, and Tara Fife, The natural matroid of an integer polymatroid,

SIAM J. Discrete Math. 37 (2023), no. 3, 1751–1770.
[5] Tom Braden, June Huh, Jacob P. Matherne, Nicholas Proudfoot, and Botong Wang, Singular

Hodge theory for combinatorial geometries, 2020, https://arxiv.org/abs/2010.06088.
[6] Tom Braden, June Huh, Jacob P. Matherne, Nicholas Proudfoot, and Botong Wang, A semi-

small decomposition of the Chow ring of a matroid, Adv. Math. 409 (2022), article no. 108646
(49 pages).

[7] Thomas Brylawski, Constructions, Theory of matroids, Encyclopedia Math. Appl., vol. 26,
Cambridge Univ. Press, Cambridge, 1986, pp. 127–223.

[8] Federico Castillo, Yairon Cid-Ruiz, Binglin Li, Jonathan Montaño, and Naizhen Zhang, When
are multidegrees positive?, Adv. Math. 374 (2020), article no. 107382 (34 pages).

[9] Colin Crowley, June Huh, Matt Larson, Connor Simpson, and Botong Wang, The Bergman fan
of a polymatroid, 2020, https://arxiv.org/abs/2207.08764v2.

[10] Thomas A. Dowling and Richard M. Wilson, The slimmest geometric lattices, Trans. Amer.
Math. Soc. 196 (1974), 203–215.

[11] Thomas A. Dowling and Richard M. Wilson, Whitney number inequalities for geometric lattices,
Proc. Amer. Math. Soc. 47 (1975), 504–512.

[12] David Eisenbud and Joe Harris, 3264 and all that—a second course in algebraic geometry,
Cambridge University Press, Cambridge, 2016.

[13] Ben Elias, Nicholas Proudfoot, and Max Wakefield, The Kazhdan-Lusztig polynomial of a ma-
troid, Adv. Math. 299 (2016), 36–70.

[14] Christopher Eur and Matt Larson, Intersection theory of polymatroids, Int. Math. Res. Not.
IMRN (2024), no. 5, 4207–4241.

[15] William Fulton, Intersection theory, second ed., Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge. A Series of Modern Surveys in Mathematics, vol. 2, Springer-Verlag, Berlin,
1998.

[16] Daniel R. Grayson and Michael E. Stillman, Macaulay2, a software system for research in
algebraic geometry, Available at https://macaulay2.com/.

[17] Brendan Hassett and Yuri Tschinkel, Geometry of equivariant compactifications of Gn
a , Internat.

Math. Res. Notices (1999), no. 22, 1211–1230.
[18] Thorkell Helgason, Aspects of the theory of hypermatroids, in Hypergraph Seminar (Proc. First

Working Sem., Ohio State Univ., Columbus, Ohio, 1972; dedicated to Arnold Ross), Lecture
Notes in Math., vol. Vol. 411, Springer, Berlin-New York, 1974, pp. 191–213.

[19] June Huh and Botong Wang, Enumeration of points, lines, planes, etc, Acta Math. 218 (2017),
no. 2, 297–317.

[20] Qing Liu, Algebraic geometry and arithmetic curves, Oxford Graduate Texts in Mathematics,
vol. 6, Oxford University Press, Oxford, 2002, Translated from the French by Reinie Erné,
Oxford Science Publications.

[21] L. Lovász, Flats in matroids and geometric graphs, Combinatorial surveys (Proc. Sixth British
Combinatorial Conf., Royal Holloway Coll., Egham, 1977), 1977, pp. 45–86.

[22] Colin J. H. McDiarmid, Rado’s theorem for polymatroids, Math. Proc. Cambridge Philos. Soc.
78 (1975), no. 2, 263–281.

[23] Hien Q. Nguyen, Semimodular functions, in Theory of matroids, Encyclopedia Math. Appl.,
vol. 26, Cambridge Univ. Press, Cambridge, 1986, pp. 272–297.

[24] James Oxley, Matroid theory, second ed., Oxford Graduate Texts in Mathematics, vol. 21,
Oxford University Press, Oxford, 2011.

[25] Nicholas Proudfoot, Yuan Xu, and Ben Young, The Z-polynomial of a matroid, Electron. J.
Combin. 25 (2018), no. 1, article no. 1.26 (21 pages).

Algebraic Combinatorics, Vol. 8 #5 (2025) 1311

https://arxiv.org/abs/2404.01971
https://arxiv.org/abs/2404.01971
https://arxiv.org/abs/2010.06088
https://arxiv.org/abs/2207.08764v2
https://macaulay2.com/


Colin Crowley, Connor Simpson & Botong Wang

Colin Crowley
E-mail : crowley@uoregon.edu, Department of Mathematics, University of Oregon, Eugene,
OR 97403 and School of Mathematics, Institute for Advanced Study, Princeton, NJ 08540

Connor Simpson
E-mail : connorgs@connorgs.net

Botong Wang
E-mail : wang@math.wisc.edu, School of Mathematics, Institute for Advanced Study, 1 Einstein
Drive, Princeton, NJ 08540

Algebraic Combinatorics, Vol. 8 #5 (2025) 1312

mailto:crowley@uoregon.edu
mailto:connorgs@connorgs.net
mailto:wang@math.wisc.edu

	1. Introduction
	1.1. 
	1.2. 
	1.3. 
	1.4. Organization
	1.5. Notation

	2. Polymatroids
	2.1. 
	2.2. 
	2.3. 
	2.4. 
	2.5. 
	2.6. 

	3. Combinatorial flats
	3.1. 
	3.2. 
	3.3. 
	3.4. 
	3.5. 

	4. Schubert varieties of subspace arrangements
	4.1. 
	4.2. 
	4.3. 
	4.4. 
	4.5. 
	4.6. 
	4.7. 
	4.8. 

	5. Problems
	5.1. 
	5.2. 
	5.3. 
	5.4. 
	5.5. 
	5.6. 

	References

